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Notations

m Laguerre weight function: w,(t) :=t%e~!, a > -1,
t € [0, 00).
m || - |lw, — the associated L,-norm:
00 1/2

. = ([ waol )2 ax)
m P, —the set of algebraic polynomials of degree at most n.
m Markov type Lp-inequality:

IPallwa < cllpnllwe Pn € Pn. (*)

m Ch(«) — the best (smallest) constant in (x), i.e.,

._ [P llwe,
Cn(a) := sup .
pnePn 1Pnllwa
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Introduction

Notations

m C,(a)—alower estimate of cn(«), based on using k
highest degree coefficients of a polynomial Ry,.

m C, () —an upper estimate of cy(«), based on using k
highest degree coefficients of a polynomial Ry,.

m c(«a) — the asymptotic constant for (x): c(«a) := nIiﬁm C”r(]a).

c(«a) — a lower estimate of c(«).
C(«) — an upper estimate of ¢(«).
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Previous results on the best constant

Turan 1960

cn(0) = (2 sin 4n7zr 2>71, c(0) =

Dorfler 1991

n2 (202 +5a +6)n a+6
@+D)@+3) " 3arD@r2)@sd) 3atr2@td)
n2+n
< cf(a) < 3o,

i.e., cn(a) = O(n) for each fixed o > —1.
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Previous results on the best constant

Dorfler 2002

Foralla> -1, c(a) = nli—>m Cnr(]a) _ j
o0 (a—1)/2,1

the smallest positive zero of the Bessel function J,(z).

, Wherej, 1 is

Nikolov and Shadrin 2017

Foralla« > —1 and n > 3,

(n+1)(n + 24D)
(a+1)[(a+3)(a+5)]"*

) < c3(a) <

2(n + %) (n - =22
(a+1)(a+5)

where for the left-hand inequality n > (« + 1)/6 in addition.
Moreover, c(a) = O(a™1).
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Introduction

Previous results on the best constant

But the upper bound for ¢(«) is O(a~5/%), which is not the
correct order.
An improvement appeared in the next paper.

Nikolov and Shadrin 2017

For all n > 3, the best constant c,(«) in (x) satisfies:

4(n + 1) (n + 3 + et
a? + 10 + 8

c2(a) < a>2.

)

The estimate is of the correct order with respect to both n — oo
and o — oc.
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Previous results on the best constant

Corollary [Nikolov and Shadrin 2017]

For all « > 2 and n > 3, the best constant cy(«) in (x) satisfies:

(n+1)(n+a+4)< 2() An+1)(n+ a+4)
2+ D(a+8) ~ "= (at1)a+8)

Corollary [Nikolov and Shadrin 2017]

The best constant cp(«) in (x) satisfies:

O lim (a+1)c3(0) = O,

2n

i 3

< lim aci(a) <3(n+1).
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Previous results on the best constant

Corollary [Nikolov and Shadrin 2017]

The asymptotic Markov constant c(«) satisfies the inequalities:

c(a) <c(a) <c(a),

2
)= G DT
1
VR
2(a) = (o + 13. [((a+3)(a+5)]
a? 4+ 10« + 8’

c(e) <V2ax~14142, o> -1

c(a)

—-1l<a<a¥,

a>af =434,
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The case k =3

Theorem
For for all « > —1 and n > 3 the best constant cp(«) in ()
satisfies the inequalities:

9n,3(a) < cn(a) < 6n,3(O‘),

where
2n(n+ 3 (a+1))
gnz,3(a) - (a+ 15)3(a +5) 7
&2, (a) = (n+1)(n+ 2 (a+1))
n,3 (o + D)[(ex + 3)(c + 5)]¥3

(valid for n > 3).
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The case k =4

Theorem
For for all « > —1 and n > 4 the best constant cp(«) in ()
satisfies the inequalities:

gn,4(0‘) < cn(a) < 6n,4(05)y

where
) _ (5a+17)n(n+ 2 (a+1))
Cna() = ST D 3)atT)
&2.(0) = (5a+17)Y4(n + 1)(n + 3 (a + 1))
Y= T 1) (a + 3)Y22(a + 5)(a + YA
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The case k =5

Theorem
For for all « > —1 and n > 5 the best constant cy(«) in (x)
satisfies the inequalities:

Chs(a) < cn(a) < Cns(a),

where

2(7Ta+31)n(n + 2 (o + 1))
(o +1)(a+9)(5a+17) ~’
&2, (a) = (Ta+31)Y5(n+1)(n+ ¢ (a+1))
nS (a+1)(a +3)2/5[(a + 5)(a + 7)(a + 9)|¥5"

2
9n,5(a) =
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The case k =6

Theorem

For for all « > —1 and n > 6 the best constant cy(«) in (x)
satisfies the inequalities:

9n,6(a) < cn(a) < 6n,(ﬁ(O‘),

where

o (213 + 29902 + 1391a + 2073)n(n + Z (o + 1))
Cno(@) = (a+1)(a+3)(a+5)(a+11)(7Ta+31)
2 (7a+31)Y5(n+1)(n+ g (e + 1))

Cn,6( )

" (a+ 1)(a+3)Y2(a + 5)¥3[(a + 7)(a + 9)(a + 11)]¥6
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Asymptotic estimates

Corollary

The asymptotic Markov constant c(«) satisfies the inequalities:

2 21a® 4 29902 4 1391« + 2073
c(a) = :
(o +1)(a+3)(a+5)(a+ 11)(7cx + 31)

(21a® 4 29902 + 1391« + 2073)Y6 < o
E) - as o,
c2(a) = { (@F Dla+3)V2(a+5)V3[(a+ 7)o +9)(a + 11)1V°

4
S A— > a* & 172,
o? + 10a + 8 G-

G 23

Mgizllml a>-1

c(a) 3
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Orthogonal polynomials related to c,(«)

Well-known result

For a Markov type L,-inequality

IPall < Anllpall, P € P,

with || - || being the associated L,-norm, the best constant +, is
equal to the largest eigenvalue of a corresponding positive
definite n x n matrix A,.

Less known fact

For a wide class of L,-norms the inverse matrix A2 is
tri-diagonal.
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Orthogonal polynomials related to c,(«)

In the case of the L,-norm induced by the Laguerre weight
function w,, the connection is given by:

Proposition 1 [Dorfler 2002]

The quantity c;2(a) is equal to the smallest zero of the
polynomial Qn(Xx) = Qn(X, a), defined recursively by
Qn+1(X) = (X = dn)Qn(X) — AjQn-1(x), n=>0,
Q,l(X) = 07 QO(X) =1,
do =1+ a, dn::2+i, n>1,

Ao > 0 (arbitrary), M.=14+=, n>1
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Preliminaries

Orthogonal polynomials related to c,(«)

Properties of the polynomials {Qn}° ,:

m By Favard's theorem, for any fixed o > —1, {Qn(X, )},
form a system of monic orthogonal polynomials.

m Since Q) is the characteristic polynomial of the inverse of a
positive definite matrix, it follows that all the zeros of Q,, are
positive (and distinct). Consequently, {Qn}° , are
orthogonal with respect to a measure supported on R, .

B Qn(X) =x"—an 1nX" P +an 20 x"? — -+ (=1)"agp,

where ag, = ("1).

We define a monic polynomial, reciprocal to Qp:
Qn(1/x)

Ry(x) = x"=—"""2,
n(X) 20,

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Orthogonal polynomials related to c,(«)

Proposition 2

The squared best Markov constant c2(«) is equal to the largest
zero of the polynomial

Rn(X) = X" — Apn X" 4 Ap o x"72 — oo 4 (=1)"An
where the coefficients are evaluated recursively:
mA= a%rli

mSetAgm=1 m=0,...,n;
m Fork =1ton:
Find the sequence {Dy m};,_,_; as solution of the
recurrence equation Dy m1 = #ﬁl Dim + ot Ak—1,m
with the initial condition Dy x_1 = 0;
Calculate Ax n = > Dk m-

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Polynomials with positive roots:
bounds for the largest zero

Let P be a monic polynomial of degree n with zeros {x}{,
n
P(x)=JJ(x —x) =x"=byx" "t + by x""% — ... 4 (—1)"by,.
i=1
m {sx} —elementary symmetric functions for P

by =s¢ = Z Xiy Xip = Xjp s k:].,...,n,

1<ii<ip<---<ig<n

m {px} — Newton functions (sums of powers of x;) for P:

n
P =D, k=1,23,...
i—1

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Polynomials with positive roots:
bounds for the largest zero

Newton identities and a direct formula for {py }:

pk+z pk i S+ (—1)kksk:07 1<k <n,

Pk + Z(—l)‘pkfi s;=0, k>n.

i=1
by 1 0 - 0 O
2b, by 1 -~ 0 0
3bs b, by -~ 0 0

Pk =

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Polynomials with positive roots:
bounds for the largest zero

Proposition 3

Let P(x) =x" — by X" 2 4+ byx"2 — ... +(~1)"b, bea
polynomial with positive zeros x; < X, < --- < Xp.
Then the largest zero x,, of P satisfies the inequalities

> :—&gxn< [pk]l/k =: Uy, k €N.

 Pk-1

Moreover, the sequence {4 }° , is monotonically increasing,
the sequence {uy };2 ; is monotonically decreasing, and

lim 4 =X, = lim ug.
k—o00 k—o00

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Computer algebra assisted proof

The algorithm

Let R, be a monic polynomial of degree n with zeros
0<x1 <Xz < <Xn,
n
Ra(x) = JJ(x = %) =x" = by """ +bpx"2 — -+ + (~1)"by.
i=1
We estimate from below and from above x, using by, ..., by,
k <n.

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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The algorithm
Input:  k € {3,4,5,6} — number of highest degree coefficients
of the polynomial R, (x)
Step 1. Express the power sums {p; }¥_, for Rn(x) by {bj}*_,
Step 2. Find {b;}¥_; in terms of n and «

Step 3. Find a proper value ¢ for the parameter s in
B {pk —cn(n+s(a+1))pk_1, for lower estimates

c(n+41)X(n +s(a + 1))k — p, for upper estimates
where

] the coefficient of n? in the quotient py /px_1, for LE
| the coefficient of n%¢ in py, for UE

Step 4. Express the numerator of f, in powers of n and (a + 1)

Step 5. Estimate from below the expression f, to prove that f, > 0

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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The algorithm: mathematical backgroung

Step 1. Direct determinant formula
Step 2. Proposition 2

Step 3. f5 is a polynomial in n of degree 2k — 1 and a rational
function in o with:

2k—1 d
1 . .
fs=—"=> > mjs)a+1)?Tn*" y(a)>0,
vle) =
. ( )_ A, — Bjs, A;,Bj >0, for LE
MO =Y AsP +Bs?—C,, A.B;C >0, for UE

Set o to be the unique positive zero of 4 o(s) = 0 (if any) and
min o, forLE
1<i<2k—1

max o, forUE
1<i<2k—1

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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The algorithm: mathematical backgroung

Step 4. We set f :=f, =: iir(]’(;) and expand ¢(n, «) in the
o

form

2k-1 d 2ty (o + 1)

- _ _ 2k—2 d-1

P a) = 3 S puglattindo = | ] (DT

i=1 j=0

n 1
2k—1,d

where M = (uij) 21 -
Step 5. If there exist ; ; < 0 we need additional arguments to
conclude thatf > 0 foralla > —1 and n > k.

We bring into use a new (2k — 1) x (d + 1) matrix A with initial

elements
)\ivj::Hi,jv |:1,,2k—1, J:O7’d

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Computer algebra assisted proof

The algorithm: mathematical backgroung

Next, we check recursively all coefficients ) ; and make the
corresponding estimations. We need not introduce a new
matrix after each iteration, but only replace a pair of elements in
a column of A with new entries in such a manner that the value
of the function

n2k—1\" (a+1)d

2k-1d _ _ 2k—2 d—1
()= Y- S aja+ 1) = | T Al ()
i=1 j=0 0 1

decreases.At the end we get a matrix A satisfying0 < A <M
(inthe sense that 0 < \; < y;; for all i, j) and therefore

0 < O(A) < (M) = (N, ).

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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The algorithm: mathematical backgroung

If \ij < O for some indices i, j, we set

bW
h:=min{i—n:)\,; >0, 1<n<i-1}, 6= (§<0).

ki—h
So, replacing in A
)\h,j = )\h,j + L(SJ and )\i,j =0, If /\h,j +46>0,
Aij = Anj ki=h Ai and Anj =0, otherwise ,

we obtain that
Anj(o + 1)d—jn2k—h + A+ 1)d—jn2k—i

decreases for the new values of \nj and ;.
Therefore ®(A) also decrease.

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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The estimations

Finally, by Proposition 3 we obtain:
m0<px—cn(n+o(a+1))pk_1 =f (LE case) implies

pk —1

o < Xp = C2(a),

gﬁk(a) =cn(n+o(a+1))<

m0<c(n+1)*n+o(a+ 1))k —pe =f (UE case)yields

c(a) =xX < px <c(n+1)¥(n+ o(a+ 1)< == (a).

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Numerical results: lower estimates

Case k = 3:
0 4 -4 225 360 0 19 -4 225 360
0 0 390 510 720 0 -60 390 510 720
A=|[15 155 205 1185 360 M=|15 155 205 1185 360
15 270 495 900 0 15 270 495 900 0
0 36 684 0 0 0 36 684 0 0
Case k =4:
0 0 10200 72480 323700 1413060 3602340 4340700 1890000
0 4882 30891 359695 2625259 7966210 13275570 12707100 5670000
0 0 229110 1642830 6282570 16699200 24837120 18692100 5670000

A=[2100 46515 120645 2404465 10159765 20026720 25810890 16625700 1890000
2756 106120 876330 2582090 7616630 17567550 18060000 6300000 0

0 11060 662604 2653840 6215776 11121880 7413000 0 0
0 0 0 1120600 4777900 3435000 0 0 0
0 0 10200 72480 323700 1413060 3602340 4340700 1890000

0 8715 30891 359695 2625259 7966210 13275570 12707100 5670000
0 —15330 229110 1642830 6282570 16699200 24837120 18692100 5670000
M=|2100 46515 120645 2404465 10159765 20026720 25810890 16625700 1890000

2800 106120 876330 2582090 7616630 17567550 18060000 6300000 0
0 15960 722904 2653840 6215776 11121880 7413000 0 0
=700 -19600 -241200 1120600 4777900 3435000 0 0 0

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Numerical results: lower estimates

Caoseok =5:

0 64925 1064665 8138830 43256150 172898565 474925185 805850640 734423760 266716800
0 0 91665 1204470 9699090 71280390 373661895 1241223900 2610599670 3473555400 2804336640 1066867200
0 19824 130578 3408188 48487642 313463920 1271550350 3522779568 6544523790 7686433440 5117787360 1600300800
0 0 1451982 16288020 114900450 672910770 2546690160 6152610870 9859721760 10218685680 5871579840 1066867200
A=[3675 128835 24490445 226233910 991504675 3153540110 7169071245 10438959825 9013742640 3935025360 266716800
027 381850 6416795 22404550 169885205 1005110890 2985302145 5744010510 7716554370 5584488840 1111320000
0 52297 5062484 58263912 213196158 589342950 1804792500 3787471002 4038237000 1770703200 0 0
0 0 0 15084950 144208510 409403975 1057769610 1931913900 1309770000 0 0
0 0 0 0 256255650 690284700 417538800 0 0
o o 0 64925 1064 665 8138830 43256150 172898 565 474925185 805850640 734423760 266716800
0 0 91665 1204470 9699090 71280390 373661895 1241223900 2610599670 3473555400 2804336640 1066867200
0 27804 130578 3408188 48487642 313463920 1271550350 3522779568 6544523790 7686433440 5117787360 1600300800
0 -39900 1500030 16288020 114900450 672910770 2546690160 6152610870 9859721760 10218685680 5871579840 1066867200
M= 3675 128835 -240240 24490445 226233910 991504675 3153540110 7169071245 10438959825 9013742640 3935025360 266716800
6125 381850 6416795 22404550 169885205 1005110890 2985302145 5744010510 7716554370 5584488840 1111320000 0
0 77616 5699022 58263912 213196158 589342950 1804792500 3787471002 4038237000 1770703200 0 0
~2450 123445 -3055430 20292530 152590030 409403975 1057769610 1931913900 1309770000 0 0 0
0 15750 636300 -26037900 -41907600 256255650 690284700 417538800 0 0 0
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Numerical results: upper estimates

Case k = 3:
0 0 0 1500 3300 0 0 0 1500 3300
0 115 1885 4170 4233 0 115 1885 4170 4650
A=|32 598 3026 6360 O M=1]32 598 3026 6360 —600
96 979 2143 850 0 96 979 2143 1560 —1950
96 624 1098 0 0 96 624 1098 -2130 0
Case k =4:
0 0 0 0 905520 8808240 29717520 41571600 19756800
0 0 54390 2038890 16676660 60285680 115770830 117031110 48774600
0 42294 1237572 10966494 52723608 141477042 198565500 127823850 24194362
A=] 6075 266115 3694950 25364010 85166735 157047575 154257320 46893642 0
24300 617510 5700800 26734470 72437020 97039330 34815501 0 0
36450 678780 4979940 16392810 28823750 17907835 0 0 0
24300 360421 2131108 6792156 5246162 0 0 0 0
0 0 0 0 905520 8808240 29717520 41571600 19756800
0 0 54390 2038890 16676660 60285680 115770830 117031110 48774600

0 42294 1237572 10966494 52723608 141477042 198565500 127823850 27783000

M= 6075 266115 3694950 25364010 85166735 157047575 154257320 52558380 —11730600

24300 617510 5700800 26734470 72437020 97039330 38636640 —18088350 -10495800
36450 678780 4979940 16392810 28823750 20280800 —12849340 -18282390 0
24300 360421 2131108 6792156 5246162 -9491857 9740850 0 0
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Numerical results: upper estimates

Casoe kO: 5

0 0 85424220 1436596560 8988832440 26097558480 34662943980 16203045600

4261005 260814330 3617057430 22250151630 73071107235 134891273160 134642808090 56710659600

0 5436720 241567920 3235204800 22246774740 91003127400 223063050420 312360753600 222393230640 64812182400

0 1982358 88937982 1392482448 12340605438 63755213760 194677526736 357163148790 375802372260 186521488020 12638375568
A=|200704 14563010 340432890 4020858058 25446365294 99455228208 241336266948 338611016520 235926284580 44541786567 0
1003520 42390775 693405300 6004806185 31876009900 96870254355 175080003840 176585507595 54286938720 0 0
2007040 63580160 829630410 5638883530 22495811450 57112266330 77686343280 30853075478 0 0 0
2007040 52428341 568553244 3375204826 9950248616 17535199185 13032227178 0 0 0
1003520 22758400 207566490 998218460 3486984100 3092469 120 0 0 0 0 0

0 0 0 0 0 85424220 1436596560 8988832440 26097558480 34662943980 16203 045600

0 0 0 4261005 260814330 3617057430 22250151630 73071107235 134891273160 134642808090 56710659600

0 6720 241567920 3235204800 22246774740 91003127400 223063050420 312360753600 222393230640 64812182400

0 1982358 88937982 1392482448 12340605438 63755213760 194677526736 357163148790 375802372260 186521488020 16203 045600

200704 14563010 340432890 4020858058 25446365294 99455228208 241336266948 338611016520 235926284580 51689001420 ~16203 045600

1003520 42390775 693405300 6004806185 31876009900 96870254355 175080003840 176585507595 59214803760 —31849915230 8101522800
2007040 63580160 829630410 5638883530 22495811450 57112266330 77686343280 32878980540 —-21278795580 19430795160 0
2007040 52428341 568553244 3375204826 9950248616 17535199185 14090589072 -8987585040 16802648 100 0 0
1003520 22758400 207566490 998218460 3486984100 3092469120 —5291809470 5709701340 0 0

Case k = 6 transposed matrlces
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Concluding remarks

Asymptotic relation for o — oo

An observation about ¢, , () in the Theorem:

k n ) _
(o1~ Jm aciy(e) < Jim aci(e),  3<k <6

1. Our results for the lower estimates are improvement of
Nikolov and Shadrin’s result for k = 3.

2. The above observation and Proposition 3 give rise for the
following

Conjecture
The best Markov constant c,(«) satisfies:

lim ac?(a)=n.

a—00

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Concluding remarks

Asymptotic relations for n — oo

1. The bounds (¢, (a),Cnk(a)) (3 < k < 6) in our Theorem
imply bounds (¢, («), U («)) for the asymptotic Markov constant
c(«), and the bounds deduced with a larger k are superior.

2. While the lower bounds ¢, («) (3 < k < 6) are of the correct

order O(a~1) as a — oo, we have (’)(a‘”i) for the upper
bound Uy («).

3. The ratio
3 <k <6,

Uy ()
nla) := ,
@)= ()
tends to 1 as a — —1, which indicates that for moderate « the
bounds (¢4 («), Uk («)) are rather tight.

Estimates for the Best Constant in a Markov Lp—inequality by G. Nikolov and R. Uluchev
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Concluding remarks

Asymptotic relations for n — oo

4. For o = 0 according to Turan’s result, we have c(0) =
Below we give the lower and the upper bounds for ¢(0) and the
relative errors:

2
<.

— c(0) Te(0)
K 4.(0) U (0) 4.0y Ck(o)
3 % \6/ 1—];3 1.006584242 1.000241034
17 NEY;
4 o 530 1.000645640 1.000019396
62 0/ 31
5 153 5835 1.000069065 1.000001704
2073 1/ 2073
6 E115 A67TTE 1.000007578 1.000000157
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Asymptotic relations for n — oo

5. Although
lim re (o) = oo, 3 <k <6,
a—0o0

the ratios ry (o) grow rather slowly: rg(a) < 2 for v < 140000.

re(@)
20 b

19
17

15}

. . I
20000

S S S Y R S S HY
40000 60000 80000 100000 120000 140000
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Concluding remarks

Thank you for your attention!
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