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Notations

Laguerre weight function: wα(t) := tα e−t , α > −1,
t ∈ [0,∞).
‖ · ‖wα – the associated L2-norm:

‖f‖wα :=

(∫ ∞

0
wα(x)|f (x)|2 dx

)1/2

.

Pn – the set of algebraic polynomials of degree at most n.
Markov type L2-inequality:

‖p′
n‖wα ≤ c‖pn‖wα , pn ∈ Pn. (∗)

cn(α) – the best (smallest) constant in (∗), i.e.,

cn(α) := sup
pn∈Pn

‖p′
n‖wα

‖pn‖wα

.
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Notations

cn,k (α) – a lower estimate of cn(α), based on using k
highest degree coefficients of a polynomial Rn.

cn,k (α) – an upper estimate of cn(α), based on using k
highest degree coefficients of a polynomial Rn.

c(α) – the asymptotic constant for (∗): c(α) := lim
n→∞

cn(α)

n
.

c(α) – a lower estimate of c(α).

c(α) – an upper estimate of c(α).
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Previous results on the best constant

Turán 1960

cn(0) =
(

2 sin
π

4n + 2

)−1
, c(0) =

2
π
.

Dörfler 1991

n2

(α+ 1)(α+ 3)
+

(2α2 + 5α+ 6) n
3(α+ 1)(α+ 2)(α+ 3)

+
α+ 6

3(α+ 2)(α+ 3)

≤ c2
n(α) ≤

n2 + n
2(α+ 1)

,

i.e., cn(α) = O(n) for each fixed α > −1.
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Previous results on the best constant

Dörfler 2002

For all α > −1, c(α) = lim
n→∞

cn(α)

n
=

1
j(α−1)/2,1

, where jν,1 is

the smallest positive zero of the Bessel function Jν(z).

Nikolov and Shadrin 2017

For all α > −1 and n ≥ 3,

2
(

n + 2α
3

)(

n − α+1
6

)

(α+ 1)(α+ 5)
< c2

n(α) <

(

n + 1
)(

n + 2(α+1)
5

)

(α+ 1)
[

(α+ 3)(α+ 5)
]1/3

,

where for the left-hand inequality n > (α+ 1)/6 in addition.
Moreover, c(α) = O(α−1).
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Previous results on the best constant

But the upper bound for c(α) is O(α−5/6), which is not the
correct order.
An improvement appeared in the next paper.

Nikolov and Shadrin 2017

For all n ≥ 3, the best constant cn(α) in (∗) satisfies:

c2
n(α) ≤

4(n + 1)
(

n + 3 + 3(α+1)
4

)

α2 + 10α+ 8
, α ≥ 2.

The estimate is of the correct order with respect to both n → ∞
and α→ ∞.
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Previous results on the best constant

Corollary [Nikolov and Shadrin 2017]

For all α > 2 and n ≥ 3, the best constant cn(α) in (∗) satisfies:

(n + 1)(n + α+ 4)
2(α+ 1)(α+ 8)

≤ c2
n(α) ≤

4(n + 1)(n + α+ 4)
(α+ 1)(α+ 8)

.

Corollary [Nikolov and Shadrin 2017]

The best constant cn(α) in (∗) satisfies:

(i) lim
α→−1

(α+ 1)c2
n(α) =

n(n + 1)
2

;

(ii)
2n
3

≤ lim
α→∞

α c2
n(α) ≤ 3(n + 1).
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Previous results on the best constant

Corollary [Nikolov and Shadrin 2017]

The asymptotic Markov constant c(α) satisfies the inequalities:

c(α) ≤ c(α) ≤ c(α),

c 2(α) =
2

(α+ 1)(α+ 5)
,

c 2(α) =



















1

(α+ 1)
[

(α+ 3)(α+ 5)
]1/3

, −1 < α ≤ α∗,

4
α2 + 10α+ 8

, α > α∗ ≈ 43.4,

c(α)
c(α)

≤
√

2 ≈ 1.4142, α > −1.
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The case k = 3

Theorem

For for all α > −1 and n > 3 the best constant cn(α) in (∗)
satisfies the inequalities:

cn,3(α) ≤ cn(α) ≤ cn,3(α),

where

c 2
n,3(α) =

2n
(

n + 3
8 (α+ 1)

)

(α+ 1)(α+ 5)
,

c 2
n,3(α) =

(n + 1)
(

n + 2
5 (α+ 1)

)

(α+ 1)[(α+ 3)(α+ 5)]1/3
(valid for n ≥ 3).
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The case k = 4

Theorem

For for all α > −1 and n ≥ 4 the best constant cn(α) in (∗)
satisfies the inequalities:

cn,4(α) ≤ cn(α) ≤ cn,4(α),

where

c 2
n,4(α) =

(5α+ 17)n
(

n + 8
25 (α+ 1)

)

2(α+ 1)(α+ 3)(α+ 7)
,

c 2
n,4(α) =

(5α+ 17)1/4(n + 1)
(

n + 3
7 (α+ 1)

)

(α+ 1)(α+ 3)1/2[2(α+ 5)(α+ 7)]1/4
.
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The case k = 5

Theorem

For for all α > −1 and n ≥ 5 the best constant cn(α) in (∗)
satisfies the inequalities:

cn,5(α) ≤ cn(α) ≤ cn,5(α),

where

c 2
n,5(α) =

2(7α+ 31)n
(

n + 25
84 (α+ 1)

)

(α+ 1)(α+ 9)(5α+ 17)
,

c 2
n,5(α) =

(7α+ 31)1/5(n + 1)
(

n + 4
9 (α+ 1)

)

(α+ 1)(α+ 3)2/5[(α+ 5)(α+ 7)(α+ 9)]1/5
.
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The case k = 6

Theorem

For for all α > −1 and n ≥ 6 the best constant cn(α) in (∗)
satisfies the inequalities:

cn,6(α) ≤ cn(α) ≤ cn,6(α),

where

c 2
n,6(α) =

(21α3 + 299α2 + 1391α+ 2073)n
(

n + 2
7 (α+ 1)

)

(α+ 1)(α+ 3)(α+ 5)(α+ 11)(7α+ 31)
,

c 2
n,6(α) =

(7α+ 31)1/6(n + 1)
(

n + 4
9 (α+ 1)

)

(α+ 1)(α+ 3)1/2(α+ 5)1/3[(α+ 7)(α+ 9)(α+ 11)]1/6
.
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Asymptotic estimates

Corollary

The asymptotic Markov constant c(α) satisfies the inequalities:

c(α) ≤ c(α) ≤ c(α),

c 2(α) =
21α3 + 299α2 + 1391α+ 2073

(α+ 1)(α+ 3)(α+ 5)(α+ 11)(7α+ 31)
,

c 2(α) =



















(21α3 + 299α2 + 1391α+ 2073)1/6

(α+ 1)(α+ 3)1/2(α+ 5)1/3[(α+ 7)(α+ 9)(α+ 11)]1/6
, −1 < α ≤ α∗,

4

α2 + 10α+ 8
, α > α∗ ≈ 172,

c(α)

c(α)
≤

2
√

3

3
≈ 1.1547, α > −1.
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Orthogonal polynomials related to cn(α)

Well-known result

For a Markov type L2-inequality

‖p′
n‖ ≤ γn‖pn‖, pn ∈ Pn,

with ‖ · ‖ being the associated L2-norm, the best constant γn is
equal to the largest eigenvalue of a corresponding positive
definite n × n matrix An.

Less known fact

For a wide class of L2-norms the inverse matrix A−1
n is

tri-diagonal.
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Orthogonal polynomials related to cn(α)

In the case of the L2-norm induced by the Laguerre weight
function wα the connection is given by:

Proposition 1 [Dörfler 2002]

The quantity c−2
n (α) is equal to the smallest zero of the

polynomial Qn(x) = Qn(x , α), defined recursively by

Qn+1(x) = (x − dn)Qn(x)− λ2
nQn−1(x), n ≥ 0,

Q−1(x) := 0, Q0(x) := 1,

d0 := 1 + α, dn := 2 +
α

n + 1
, n ≥ 1,

λ0 > 0 (arbitrary), λ2
n := 1 +

α

n
, n ≥ 1.
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Orthogonal polynomials related to cn(α)

Properties of the polynomials {Qn}∞n=0:

By Favard’s theorem, for any fixed α > −1, {Qn(x , α)}∞n=0
form a system of monic orthogonal polynomials.

Since Qn is the characteristic polynomial of the inverse of a
positive definite matrix, it follows that all the zeros of Qn are
positive (and distinct). Consequently, {Qn}∞n=0 are
orthogonal with respect to a measure supported on R+.

Qn(x) = xn − an−1,n xn−1 + an−2,n xn−2 − · · ·+ (−1)n a0,n,
where a0,n =

(n+α
n

)

.

We define a monic polynomial, reciprocal to Qn:

Rn(x) = xn Qn(1/x)
a0,n

.
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Orthogonal polynomials related to cn(α)

Proposition 2

The squared best Markov constant c2
n(α) is equal to the largest

zero of the polynomial

Rn(x) = xn − A1,n xn−1 + An,2 xn−2 − · · ·+ (−1)nAn,n,
where the coefficients are evaluated recursively:

A1,1 = 1
α+1 ;

Set A0,m = 1, m = 0, . . . , n;
For k = 1 to n:

1 Find the sequence {Dk,m}n
m=k−1 as solution of the

recurrence equation Dk,m+1 = m+1
m+α+1 Dk,m + m+1

m+α+1 Ak−1,m

with the initial condition Dk,k−1 = 0;

2 Calculate Ak,n =
∑n

m=k Dk,m.
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Polynomials with positive roots:
bounds for the largest zero

Let P be a monic polynomial of degree n with zeros {xi}n
i=1,

P(x) =
n
∏

i=1

(x − xi) = xn − b1 xn−1 + b2 xn−2 − · · ·+ (−1)nbn.

{sk} – elementary symmetric functions for P

bk = sk =
∑

1≤i1<i2<···<ik≤n

xi1xi2 · · · xik , k = 1, . . . , n,

{pk} – Newton functions (sums of powers of xi ) for P:

pk =
n

∑

i=1

xk
i , k = 1, 2, 3, . . .
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Polynomials with positive roots:
bounds for the largest zero

Newton identities and a direct formula for {pk}:

pk +

k−1
∑

i=1

(−1)ipk−i si + (−1)kk sk = 0, 1 ≤ k ≤ n,

pk +
n

∑

i=1

(−1)ipk−i si = 0, k > n.

pk =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b1 1 0 · · · 0 0
2b2 b1 1 · · · 0 0
3b3 b2 b1 · · · 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(k − 1)bk−1 bk−2 bk−3 · · · b1 1

kbν bk−1 bk−2 · · · b2 b1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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Polynomials with positive roots:
bounds for the largest zero

Proposition 3

Let P(x) = xn − b1 xn−1 + b2 xn−2 − · · ·+ (−1)nbn be a
polynomial with positive zeros x1 ≤ x2 ≤ · · · ≤ xn.
Then the largest zero xn of P satisfies the inequalities

ℓk :=
pk

pk−1
≤ xn <

[

pk
]1/k

=: uk , k ∈ N.

Moreover, the sequence {ℓk}∞k=1 is monotonically increasing,
the sequence {uk}∞k=1 is monotonically decreasing, and

lim
k→∞

ℓk = xn = lim
k→∞

uk .
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The algorithm

Let Rn be a monic polynomial of degree n with zeros
0 < x1 ≤ x2 ≤ · · · ≤ xn,

Rn(x) =
n
∏

i=1

(x − xi) = xn − b1 xn−1 + b2 xn−2 − · · ·+ (−1)nbn.

We estimate from below and from above xn using b1, . . . , bk ,
k ≤ n.
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The algorithm

Input: k ∈ {3, 4, 5, 6} – number of highest degree coefficients
of the polynomial Rn(x)

Step 1. Express the power sums {pi}k
i=1 for Rn(x) by {bi}k

i=1

Step 2. Find {bi}k
i=1 in terms of n and α

Step 3. Find a proper value σ for the parameter s in

fs =

{

pk − c n(n + s(α+ 1))pk−1, for lower estimates

c (n + 1)k (n + s(α+ 1))k − pk , for upper estimates
where

c =

{

the coefficient of n2 in the quotient pk/pk−1, for LE

the coefficient of n2k in pk , for UE

Step 4. Express the numerator of fσ in powers of n and (α+ 1)

Step 5. Estimate from below the expression fσ to prove that fσ ≥ 0
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The algorithm: mathematical backgroung

Step 1. Direct determinant formula
Step 2. Proposition 2
Step 3. fs is a polynomial in n of degree 2k − 1 and a rational
function in α with:

fs =
1

ψ(α)

2k−1
∑

i=1

d
∑

j=0

µi,j(s)(α+ 1)d−jn2k−i , ψ(α) > 0,

µi,0(s) =

{

Ai − Bis, Ai ,Bi > 0, for LE

Aisp + Bisq − Ci , Ai ,Bi ,Ci > 0, for UE

Set σi to be the unique positive zero of µi,0(s) = 0 (if any) and

σ =







min
1≤i≤2k−1

σi , for LE

max
1≤i≤2k−1

σi , for UE
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The algorithm: mathematical backgroung

Step 4. We set f := fσ =:
ϕ(n, α)
ψ(α)

and expand ϕ(n, α) in the

form

ϕ(n, α) =
2k−1
∑

i=1

d
∑

j=0

µi,j(α+1)d−jn2k−i =









n2k−1

n2k−2

· · ·
n









⊤

M









(α+ 1)d

(α+ 1)d−1

· · ·
1









,

where M =
(

µi,j
)2k−1,d

i=1,j=0.

Step 5. If there exist µi,j < 0 we need additional arguments to
conclude that f ≥ 0 for all α > −1 and n ≥ k .
We bring into use a new (2k − 1)× (d + 1) matrix Λ with initial
elements

λi,j := µi,j , i = 1, . . . , 2k − 1, j = 0, . . . , d .
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The algorithm: mathematical backgroung

Next, we check recursively all coefficients λi,j and make the
corresponding estimations. We need not introduce a new
matrix after each iteration, but only replace a pair of elements in
a column of Λ with new entries in such a manner that the value
of the function

Φ(Λ) =
2k−1
∑

i=1

d
∑

j=0

λi,j(α+ 1)d−jn2k−i =









n2k−1

n2k−2

· · ·
n









⊤

Λ









(α+ 1)d

(α+ 1)d−1

· · ·
1









decreases.At the end we get a matrix Λ satisfying 0 ≤ Λ ≤ M
(in the sense that 0 ≤ λi,j ≤ µi,j for all i , j) and therefore

0 ≤ Φ(Λ) ≤ Φ(M) = ϕ(n, α).
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The algorithm: mathematical backgroung

If λi,j < 0 for some indices i , j , we set

h := min{i−η : λη,j > 0, 1 ≤ η ≤ i−1}, δ :=
λi,j

k i−h (δ < 0).

So, replacing in Λ

{

λh,j := λh,j + ⌊δ⌋ and λi,j := 0, if λh,j + δ ≥ 0,

λi,j := λh,j k i−h + λi,j and λh,j := 0, otherwise ,

we obtain that

λh,j(α+ 1)d−jn2k−h + λi,j(α+ 1)d−jn2k−i

decreases for the new values of λh,j and λi,j .
Therefore Φ(Λ) also decrease.
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The estimations

Finally, by Proposition 3 we obtain:

0 ≤ pk − c n(n + σ(α+ 1))pk−1 = f (LE case) implies

c2
n,k (α) := c n(n + σ(α+ 1)) ≤ pk − 1

pk
≤ xn = c2

n(α),

0 ≤ c (n + 1)k (n + σ(α+ 1))k − pk = f (UE case)yields

c2k
n (α) = xk

n ≤ pk ≤ c (n + 1)k (n + σ(α+ 1))k := c2k
n,k (α).
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Numerical results: lower estimates

Case k = 3:

Case k = 4 :
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Numerical results: lower estimates

Case k = 5:

Case k = 6, transposed matrices:
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Numerical results: upper estimates

Case k = 3:

Case k = 4 :
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Numerical results: upper estimates

Case k = 5:

Case k = 6, transposed matrices:
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Asymptotic relation for α → ∞

An observation about cn,k (α) in the Theorem:

k n
k + 1

= lim
α→∞

α c2
n,k (α) ≤ lim

α→∞
α c2

n(α), 3 ≤ k ≤ 6.

1. Our results for the lower estimates are improvement of
Nikolov and Shadrin’s result for k = 3.

2. The above observation and Proposition 3 give rise for the
following

Conjecture

The best Markov constant cn(α) satisfies:

lim
α→∞

α c2
n(α) = n.
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Asymptotic relations for n → ∞

1. The bounds
(

c n,k (α), c n,k (α)
)

(3 ≤ k ≤ 6) in our Theorem
imply bounds (ℓk (α), uk (α)) for the asymptotic Markov constant
c(α), and the bounds deduced with a larger k are superior.

2. While the lower bounds ℓk (α) (3 ≤ k ≤ 6) are of the correct
order O(α−1) as α→ ∞, we have O(α−1+ 1

2k ) for the upper
bound uk (α).

3. The ratio

rk (α) :=
uk (α)

ℓk (α)
, 3 ≤ k ≤ 6,

tends to 1 as α→ −1, which indicates that for moderate α the
bounds (ℓk (α), uk (α)) are rather tight.
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Asymptotic relations for n → ∞

4. For α = 0 according to Turán’s result, we have c(0) = 2
π .

Below we give the lower and the upper bounds for c(0) and the
relative errors:

k ℓk (0) uk (0)
c(0)
ℓk (0)

uk (0)
c(0)

3

√

2
5

6

√

1
15

1.006584242 1.000241034

4

√

17
42

8

√

17
630

1.000645640 1.000019396

5

√

62
153

10

√

31
2835

1.000069065 1.000001704

6

√

2073
5115

12

√

2073
467775

1.000007578 1.000000157
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Asymptotic relations for n → ∞

5. Although

lim
α→∞

rk (α) = ∞, 3 ≤ k ≤ 6,

the ratios rk (α) grow rather slowly: r6(α) < 2 for α < 140000.

20 000 40 000 60 000 80 000 100 000 120 000 140 000
Α

1.5

1.6

1.7

1.8

1.9

2.0

r6HΑL
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Thank you for your attention!
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