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1 Introduction and Statement of the Results

Let T,(x) = cosnarccosx, x € |—1,1], be the n-th Chebyshev poly-
nomial of the first kind and, for 1 < &k < n —2and m = n — k, let

yfff > yff% > e > yﬁﬁl_l be the points of local extrema of Ték)(aj), ie.

the zeros of Tékﬂ)(az). As is known, the absolute values of the local maxima of
7 (x), increase monotonically towards the end-points of |[—1, 1], hence

k k k
TP > TP > (TP > > (TP ) @)

Since ||T7§k)||c[_171] = Tr(bm(l) = m Hj:é(nQ — 7%) is known in explicit
form, the most interesting quantity in (1) is the first inner local extrema. This
quantity appears in inequalities of Markov, Turan and Landau-Kolmogorov
type. Also it is closely related to the extreme coeflicients of Gaussian quadrature
formulas with ultraspherical weight. That is what motivates our studies.

()

For convenience let us denote wy := wy, 1 1= Yni and
3
N /]
Tk -— Tnk -— %)
T (1)

so that the value 7, shows how small is the largest critical value of T, ) (x)

relative to its global maximum Ték)(l).



For the first derivative (k = 1), Erdos-Szegé [1] proved that

< : > 3; < - ! >5 (2)
Tn,1 3 n =9 Tn,1 4 n - o,
whereas for arbitrary k& > 1, Eriksson |2| and Nikolov [4] independently showed
that

1
Tk S o MERT (3)
with a better estimate
1 8 2k +1
e < : ded  w, . 4
Tk = o 12k + 7 PrOVIGEE Wk = 51 15 (4)

We refine and extend inequalities (2)-(4) in several directions.

1) Our first result is a monotone behaviour of the value 7, ;. with respect to

Theorem 1.1. For a fived k, the values 7, decrease monotonically in n,
i.€.,
Tntlk < Tk < 00 < Tpt3k < T2k -
In particular, for any fivred k € N and any m > 2, we have

Tk < Thtmk n>k+m.



Since T k(i)m is a symmetric polynomial of degree m, for small m we can
compute the value of its largest extremum, hence 7j4p, 1, explicitly and thus

obtain several sharp inequalities.

Corollary 1.1. We have

( 1
Tk+2,k — k41 n 2 k + 27
1 2 \1/2
Tn,k < < Thk+3.k = ok+1 (k—i—Q) , T > k+ 37 (5)
_ 1 3
| TRk T 2% B3 n=>k+4.

Looking at Corollary 1.1 one may be tempted to conjecture a general formula,

m—2
1 m-1 \ 2 - : -
Thtmk = Zi] (k+m_1) . m € N. Unfortunately, this conjecture is false, as

some calculations show that in the cases m =5, 6 we have

1 4 \3/2
Tk+5k = 2%t1 <k+4) ap, 2 k+5,

1 5 )2
Tk+6k = 2%t1 (k+5) Br, n=>k+6

with ay, ;. very close to but still greater than 1.

(6)

2) From (5)-(6), one may guess that

b\ m/2
Thtmb ~ (ak + m)




with some positive constants a and b, and that would imply that when m 1is
fixed, Ty4mr 1s of a polynomial decay as k& grows, i.e.,

1
Thtmk = O(W> (k—00),
while for the limit behaviour of 7, when £ is fixed and n grows, we have

7. = lim 7, & ek,
n—oo

We prove the following upper bound for ¢, j:
Theorem 1.2. For every k € N and n > k + 2, we have

| E2\N%1/ 2n \k /n— k\%" e
S T .
Tk = € n2 n+k n+ k C_ﬁ (7)

As a consequence of Theorem 1.2 we obtain the following theorem:

Theorem 1.3. We have

N
(¢) 7= lim 7, < c <E) VA e < il; (8)
n— 00 T
g eN™/2/ m \m/? 2\ 1
i) e <am 5] () ase(R) O



3) Further, we establish the asymptotics of 7,1 along two lines in the defi-
nition domain 1 < k <n — 2, namely, n =00 and n =m + k.

Theorem 1.4. We have

o\ ¥
7. = lim Tk = C (—) e_akl/gk—l/fi(l + (9(]{—1/3))7 (k—00),

n—o00 e

where a = 1.8557 ... and C = 1.1966 ... can be explicitly represented in terms
of the Awry function.

Theorem 1.5. We have

Tim (k4 m)# 73 = Cy (%) Lo 61 OmT ), m> 2,

where the constants a; = 2.3381... and C7 = 1.0660... can be explicitly
represented in terms of the Aiwry function.

m
2

Theorems 1.4 and 1.5 shows that the upper bounds (8) and (9) are asymp-
totically correct with respect to the second exponential term.



2 On the proof of Theorem 1.1 (monotonicity of {7, k}n>k+2)

For given A > —1/2 let {P&A)}meNO be the sequence of ultraspherical poly-
nomials, which are orthogonal in [—1,1] with respect to the weight function
wy(r) = (1 —22)*~1/2 The Chebyshev polynomials of the first and the second
kind and the Legendre polynomials are particular cases of ultraspherical poly-
nomials, they correspond to A =0, 1 and 1/2, respectively. Moreover, due to
the property

m—1

d
APV} = 24P @), A#0,
we have that,

TW(z) =2k —1)nPY (2), k=1,....n. (10)

The standard normalisation of ultraspherical polynomials is
20— 1
= ("R
n

(the case A = 0 is somewhat different). It will be convenient for us to work
with the re-normalised ultraspherical polynomials

(@) = PV (2)/ PV(1), (11)
so that p%)(l) = 1 for every m € Ny and every A > —1/2.



Theorem 1.1 is a consequence of the following statement:
Theorem 2.1. Let y1,(A) > yan(A) > -+ > yp_1,(N) be the zeros of the

ultraspherical polynomial quiJ{l). Set Yyon(A) =1, ypn(A) == —1, and denote
pinN) = PN win)l,  i=0,1,...,n.
If A >0, then
pin(A) < pin—1(A) for i=1,2,...,n—1. (12)
If =1/2 < X\ <0, then inequalities (12) hold with the opposite sign .
For the proof we consider the function

1 — 22

(@) = pa(o) + s i) (13)

By the properties of the ultraspherical polynomials we obtain the second
representation

) = proae) + (o) 1)
and
Fla)= 2 ) pha(). (15)

(n+ 1)(n + 2X\) Pn



Clearly, f(x) interpolates the values {7, (M)}, and {7, (A} at the
zeros of p; (x) p .1 (z), respectively. Thus, from (15) and the interlacing of the
zeros of p;, and p; . ; we conclude that

f/(ZC) < 07 S <yi,n<)\>7yi,n—|—1<>\>>a 1= 17"'7”7
and hence fi;,,11(A)* < pin(A)?. The proof of Theorem 2.1 is complete. [

3 Estimates Based on the Duffin-Shaeffer Majorant

In this section we prove Theorem 1.2 and its consequence Theorem 1.3 which
concern the two limit cases when n = k£ 4+ m is relatively large with respect
to the parameters k or m. Our proof is based on the upper bound 7,5 < 0,
which uses the so-called Duflin—Schaeffer majorant.

Definition 3.1. With T;, the Chebyshev polynomial of degree n and S, () :=
%\/1 — 22T (x), we define the Duffin-Schaeffer majorant D, ;. as

Dipa(z) = {[TP (@) + [SP@)} 2, 2 e (-1,). (16)

This majorant was introduced by Shaeffer-Duffin |6] who proved that, if p
is a polynomial of degree not exceeding n, then

p(z)] <1 Ve e[-1,1] = [pM(z)| < Dynla), (17)



which may be viewed as a generalization of the pointwise Bernstein inequality
P (z)] < ﬁ“p“ to higher derivatives.

Lemma 3.1. The majorant Dy, has the following properties:

1. We have
IT®(2)| < Dpn(z)  forall z € (—1,1); (18)

2. Dyn(x) = \Trgk)(az)\ at zeros of SN, in particular,
Djn(0) = [TM(0)  ifn—k is even; (19)
3. The majorant Dy ,(-) is a strictly increasing function on |0, 1] ;

4. We have the explicit formulae

k-1
1
n2 | Din(z Z 1—x2 ktm k=2, (20)
m:O

where by =1 and for k > 2
b = cm,k(n2 —(m+ DY (n* = (k= 1)),

1, =0 (21)
Cm.k - —
| "M @m - D12, m> 1.



Proof. The first claim and the first half of the second one follow directly from
Definition 16. Equality (19) is due to the fact that T, and S,, are of the different

parity, so if n — k is even, then T, ék) is an even function and Sy(lm is an odd

one, hence Sék)(()) = (. The third property was proved by Schaeffer—Duffin |6],
and it also follows easily from the formulas (20)-(21) which were established

by Shadrin |7]. ]
In particular, we get

D@ = g
%[DM(CU)]Q — <(?_;21>>2 + (1 _1332)3 ’
1 ,  (n*=1)(n*—4) 3(n*—4) 9
2 Dsal@” = = s Y Ty T i
%[D47n<33>]2 _ (n B 1)((?_;?))4(71 B 9) 4+ 6(” (If)i;l)S_ 9)

45(n? — 9) 225

+ +

1—225  (1—a22)7



Lemma 3.2. Let wy, = wy,, be the rightmost zero of T,ﬁ’””. Then

]432
wi < Tk, where 7 =1 — pol (22)

Proof. The claim can be deduced from the numerous upper bounds for the
extreme zeros of ultraspherical polynomials. For instance, in [4| Nikolov proved

2_ 2
that w}% < n”—(k+2)°

e with some «, ;, > 0, hence

wy < 3 :

O
From (18), monotonicity of Dy, and (22), it follows immediately that

T (wp)| < Dgp(wi) < Dip(),
hence the following statement.
Proposition 3.1. We have
Dy ()

Tn.k < 5n,k7 5n,k = .
(1)



We proceed with the evaluation of 4, , using the explicit expression (20)

for Dkﬁ()

Lemma 3.3. We have ,
[&L,k} — An,an,k: )

where
. (2k — 1)!1? S Con n>m
nk = [-2k k2m (n2 —12) - (n2 — m2)’
m=0
2k

B, = n?(n? —12)---(n?2 — (k —1)2)°

Proposition 3.2. We have

, 1 (2k) n**
[5%%] < 5 1.2k ng(nz _ 12) ce (nQ — (]{ — 1)2) .

[n our next estimations of 0, we make use of the inequalities

\/%(g)]v\/ﬁ < Nl < e(%)N\/ﬁ.

to obtain the stated result

1 2N m Nk /n—k\%5E
skt (1=25) (2 ) () T es
Tk = Onk = € n? n+k n+k ¢

2]
| @

(23)

(24)

(25)

(26)

(27)



Theorem 1.3 is a consequence from (27). Part (i) follows from

2k N\t 2k \—Fk
TZ:?}LH;OTn,kST}Lfgoén,kSCk%lenh_)H;O{(l—n_'_k) i <1_n+k) }

e
To obtain claim (ii) of Theorem 1.3, we put n =m + k in (27). We have

m(2k+m))i<2k+2m)’f( m )

1
o < O < kzxf(
Th+mk > Ok+m,k > C k+m>2 2k +m 2L +m

(
-alemd (G5 ()" ()
e\ 2

§C1m1(— ( m )7.
2 k+m

m
2




4 The Asymptotic Formulae

In this section we present the proofs of Theorems 1.4 and 1.5 giving the
exact asymptotic expression of the two limit values considered in 1.3, when the
second parameter increases too.

Proof of Theorem 1.4. As is known, the asymptotic behavior of the Jacobi
polynomials {Rg&’ﬁ )} is described by Bessel functions. In particular (see [9])
it holds that

n—aoo 2

lim n_apqg&ﬁ)@#,n) — (]OMLLT) Joz(jonrl,r): (28)

where vy, , 1s the point of the r-th local extremum of Rgg’ﬁ ) (counted in
decreasing order) and j,, is the r-th positive zero of Bessel’s function .J,.

Lemma 4.1. We have

. INVZI =R .
=T (k+3)(52) Mgl (29

—_

11
The proof uses the relations quk)(:v) = Cn,kPr(nk)(x) = CAkPT(nk i 2)(33),

(m=mn—Fk), see (10), and qufé’ﬁ)(l) = (""). The exact value of C), 1. is not
important since it cancels in 7,, .



The first positive zero j,1 of the Bessel tunction J, obeys the asymptotic
expansion (see [3| and the references therein)

Jul RV + av'® + b3 !

where a = 1.8557..., b = 1.0331... and ¢ = —0.0039... can be represented by the
first negative zero i; of the Airy function Ai(z), in particular, a = —i; /213,

+ e V—00, (30)

Recall that the asymptotic behavior of J,(z) for large (fixed) v in a neigh-
bourhood of = v (that is, around the first positive zero) is described by the
Airy function. Precisely, the following asymptotic formula holds (see e.g. |5,
Chapter 11] or |3|):

Ai' (V*32)
A3

J,(vr) = % [Ai(u2/3z)(1 +O0(v?) +

(Bolz) +0(w) |, (31

where

31 1+v1—22 3
= n— _— =
e (2 T 2
3
2

_(% 2 1 —

2/3
1—x2) Lz e(0,1];

—Sec_l(x))Q/g, x> 1,

e\ 24/3
O(z) = (1_952) and 0 < By(z) < By(0) = 55 for 2 <0.



On the basis of these formulas we can calculate the asymptitics of (29) and
note that we have to expand to the second term, since the coeflicient of the
first vanishes. Finally we get

f 413 [T s 2 bkl ~1/6 ~1/3
=4 \/;|A2(21)\(6)e k (1+O(k )).

Theorem 1.4 is proved. []

Proof of Theorem 1.5. Here we shall use the asymptotic properties of the
Hermite polynomial H,, since (see |8, eq. (5.6.3)])
lim A2P0 (<) = Hul@)
A—00 " \/X m!

[t follows from the above equality that there exists the limit

[y = kh_{l(;lo km/QTm%,k = 27" H,, (x|

For the approximation of H,,(x) we shall use the formula of Plancherel -
Rotach (|8, Theorem 8.22.9]|). Actually, we need only the third part of this theo-
rem, concerning the approximation of H,, around its turning point, where the
behaviour of the polynomial changes from oscillatory to monotone increasing.

It states that if © =v2m +1 — 2_%3_%771_%75, t € C, then
ZE2 m
e~ T H,(z) = 350128 1/ mlm T {A(t) 4 o<m—%>} (3



where A(z) = 3731 Ai(—371/32) is the normalized Airy function.
Let x,, be the largest zero of H,,, then

T = V2m + 1 — 27237 5m 00, + O(m~%), m > 1.

From this and H/ (x) = 2mH,,_1(x), after a calculation we obtain for m > 2

2 c
[y = 2—m‘Hm<ZC%:t>| _ ?WAZ/<21> (%) 2 e_\zl\ml/?)m—l/6(1 4+ O(m_1/3>).
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Thank you for your attention!



