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Big Data Interpolation and Smoothing � applications to ML

Models with fast algorithms for 1D data Smoothing � Splines,
Kriging, TPS

Models with fast algorithms for multivariate data Smoothing � NO
SUCH in the general case
Smoothing methods in Statistical Machine Learning � recent
references:

Patrick Stalph, Analysis and Design of Machine Learning Techniques:
Evolutionary Solutions, Springer, 2014
Simone Marinai, Machine Learning in Document Analysis and
Recognition, Springer, 2008
Luping Zhou, Li Wang, Qian Wang, Machine Learning in Medical
Imaging: 6th International Workshop, Springer, 2015
Tim Appelhans et al., Evaluating machine learning approaches for the
interpolation of monthly air temperature at Mt. Kilimanjaro,
Tanzania, Spatial Statistics, November 2015.
K Kawamoto, Learning Pedestrian Dynamics with Kriging - IEEE
Xplore, 2016
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Reference

Nicodemo Di Pasquale, et al., Optimization Algorithms in Optimal
Predictions of Atomistic Properties by Kriging, J. Chem. Theory
Comput., 2016

The machine learning method kriging is an attractive tool to
construct next-generation force �elds.

Kriging can accurately predict atomistic properties, which involves
optimization of the so-called concentrated log-likelihood function (i.e.,
�tness function).
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Cubic splines - a reminder

piecewise cubic polynomial in every interval (xi , xi+1) , where a = x1
and b = xn, and

x1 < x2 < · · · < xn

C 2 on the whole interval [a, b] ,
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Examples
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Example - the circle
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Smoothing Cubic Splines - reminder

The pairs {xi ,Yi : i = 1, . . . , n} � observations; assumed model:

Yi = S(xi ) + εi

with ε i � independent, zero mean random variables with constant
variance.

The cubic smoothing spline estimate S of the function f is de�ned
as a solution to

min
S

{
n

∑
i=1

(Yi − S (xi ))
2 + λ

∫ [
S ′′ (x)

]2
dx

}

λ ≥ 0 is smoothing parameter; λ � estimated by generalized cross

validation; For λ −→ 0 � interpolation; for λ −→ ∞ tends to linear
least square
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Solution of the min problem � Theorem

THEOREM. The solution of above problem is a cubic spline
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Example - a spline smooth of motorcycle data

The data are about 300 but the knots are about 30.
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Variations on cubic smoothing

de Boor's approach: minimize

min
S

{
(1− λ)

n

∑
i=1

(Yi − S (xi ))
2 + λ

∫ [
S (2p) (x)

]2
dx

}
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Examples of smoothing splines with di�erent lambda
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Remarkable fast algorithms for 1D smoothing splines

fast methods for Interpolation due to the representation of cubic
polynomials (Dirichlet problem)

f (t) = α1f (a) + α2f
′′ (a) + β1f (b) + β2f

′′ (b)

and the relation for the cubic splines with knots {xi}ni=1 given by

QT [f (xi )]
n
i=1 = R

[
f ′′ (xi )

]n−1
i=2

where [f (xi )]
n
i=1 is a column vector of the values, and [f ′′ (xi )]

n−1
i=2 is

a column vector;

here hi = xi+1 − xi and

qj−1,j = h−1j−1; qjj = −h
−1
j−1 − h−1j

rii = (hi−1 + hi ) /3; ri ,i+1 = ri+1,i = hi/6

and Q and R are the matrices de�ned by q and r ; R is diagonal and
invertible

fast method for Smoothing � Reinsch algorithm
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Remarkable Reinsch algorithm

For a smoothing spline S with parameter λ, the solution is given by(
R + λQTQ

) [
f ′′ (xi )

]n−1
i=2

= QTY

where Y = (Yj )
n
j=1 are the data at the points (xj )

n
j=1 .

THEOREM. The matrix R + λQTQ is invertible.

Hence, by the above equality QT [f (xi )]
n
i=1 = R [f ′′ (xi )]

n−1
i=2 we �nd

[f (xi )]
n
i=1 which determines S uniquely.

Reference: Stoer, J., Bulirsch, R., Introduction to Numerical Analysis,
Springer, 2003.
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Multivariate case

Kriging, Thin plate splines (TPS) and other similar in a domain
D ⊂ R2

The idea: we use the curvature in R2 to de�ne a PENALTY
functional, and for parameter λ > 0, and minimize :

min
S

{
n

∑
j=1

(Yj − S (xj , yj ))
2 + λ

∫ ∫
D
|∆S (x , y)|2 dxdy

}

Here Yj is the measured data at (xj , yj ) .

here ∆S (x , y) is close to the curvature at the point (x , y) ∈ D.

Statistical Machine Learning context, Nonparametric Regression, Ryan
Tibshirani (with Larry Wasserman), CMU, Spring 2015
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Examples of Thin plate spline performance � the data
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Examples of Thin plate spline performance
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Problems of multivariate Kriging and TPS

Not fast methods � no analog to the matrices Q and R

No analog to the fast Reinsch algorithm
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De�nition of the polyspline Model in 2D

Polsyplines studied in the monograph

O. Kounchev, Multivariate Polysplines. Applications to Numerical and
Wavelet Analysis, Academic Press (Elsevier), 2001.

Data are given not on discrete set of points but are functions fj
de�ned on separate curves Γj for j = 1, 2, ...,N

We solve the problem: smoothing polyspline de�ned as

min
S

{
N

∑
j=1

∫
Γj

(fj (w)− S (w))2 dσw + λ
∫ ∫

D
|∆S (x , y)|2 dxdy

}

Solution to the problem is a piecewise solutions to PDEs

∆2S (x , y) = 0 for (x , y) /∈ ∪Γj
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Example of model data set
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More model data sets
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More data set � parallel data
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The model - remarkable fast algorithm

The polyspline model is given by parallel lines Γj and data fj (y) on it
which we assume periodic in y

We obtain an Interpolation polyspline F (Γj , fj ) de�ned by these data;

In every strip we have
∆2F (x , y) = 0

By Fourier transform in direction y we obtain one-dimensional
L−splines satisfying piecewise(

∂2

∂x2
− ξ2

)2

F̂ (x , ξ) = 0

for every ξ.

Hence, for the smoothing polyspline we have 1D Interpolation
L−splines;
For these L−splines we have fast Reinsch type algorithms;

Thus we obtain a fast algorithm for the smoothing polysplines.
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