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Brief introduction to branching processes
Main Results for Bienaymé–Galton–Watson Branching Processes

{pk : k = 0, 1, . . .}: offspring distribution (pk =probability that a
progenitor gives birth to k offspring).

m = average number of offspring per progenitor.

σ2 = variance of the offpring distribution

P(Zn → 0) + P(Zn → ∞) = 1

Extinction Problem

If m ≤ 1⇒ the process dies out with probability one

If m > 1⇒ there exists a positive probability of non-extinction
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Brief introduction to branching processes
Example: Cell Division

Splitting probability: p

Offspring distribution: p2 = p, p0 = 1 − p; p0 + p2 = 1

Offspring mean: m = 2p

Extinction probability =


1 if p ≤ 1/2

1 − p
p

if p > 1/2
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Brief introduction to branching processes
Main Results for Bienaymé–Galton–Watson Branching Processes

Asymptotic Behaviour

If m < 1 (Subcritical case),

ĺım
n→∞

P(Zn = x | Zn > 0) = bx ; x ≥ 1,

bx ≥ 0,
∑∞

x=1 bx = 1 and P(Zn > 0) ∼ Cmn, C > 0.
If m = 1 (Critical case),

ĺım
n→∞

P(Zn/n ≤ x | Zn > 0) = Γ1,σ2/2(x)

with Γ1,σ2/2(x) the Gamma distribution function with parameters (1, σ2/2)
and P(Zn > 0) ∼ 2(σ2n)−1

If m > 1 (Supercritical case),

Zn

mn
→ W a.s.,

P(W > 0) = P(Zn → ∞) > 0 iff E[X log X ] < ∞.
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Motivation

consider two-type branching processes with continuous time, non–Markovian to
model the dynamics of two different types of cells, one of which due to a small
reproductive ratio is fated to become extinct, but mutations occurring during the
reproduction process, may lead to the appearance of new type of cells that possibly
leads to the beginning of a lineage, that will allow indefinite survival

mathematically we obtained new results of decomposable branching processes (BP)
which as it turned out are not studied in the classical theory of BP

a typical real world situation with the mechanism of emergence of scatters after local
eradication of a certain type of cancer during the chemotherapy

a cell of the “mutation” type which leads to the beginning of a lineage, that escape
extinction is called “successful mutant”
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Problem setup
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Problem setup

We will be interested in the following characteristics of the
BHBP both two- and (n + 1) type:

number of existing cells of different types at time t ;

number of mutations at time t and in the whole process;

exinction probability at time t and ultimate one;

waiting time to escape extinction, namely the time to cancer
recurrence;

waiting time to cross certain level of the number of mutants.
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Definition of the two models

Two type Bellman-Harris BP
(BHBP) decomposable

Gi(t) d.f. of the life–time of the cells
of type i = 0, 1

u is the mutation probability or the
probability a cell of type 1 to produce
0-type cell

fi(s), i = 0, 1 – p.g.f. of the offspring
of type i cells; {p i

k }
∞
k=0, i = 0, 1;

r.v. νi , i = 0, 1 – the number of
offspring of type i cells

r.v. ν10 ∈ Bi(ν1, u) – the number of
mutant type 0 cells between the
descendants of the initial cell

(n + 1) type BHBP

Gi(t) d.f. of the life–time of the cells
of type i = 0, 1, . . . , n;

uip , 0≤p≤n,
∑n

p=0uip = 1 : uip is the
probability that a cell of type i will
have an offspring of type p. For the
type 0 we have u00 = 1;

fi(s), i = 0, , . . . , n, - p. g. f. of the
offspring of type i cells; {p i

k }
∞
k=0,

i = 0, 1, . . . , n;

r.v. νi0, i = 0, , . . . , n - number of
mutant type 0 cells between the
descendants of the initial cell of type
i.
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Multi-type decomposable/reducible
Bellman-Harris (age-dependent) branching
process (BHBP)

Two type BHBP (univariate case)
Z(t) = (Z0(t),Z1(t)), t ≥ 0,

Zk (t) - number of cells of type k at
time t

all cells of type 1, are subcritical, i.e.
have reproduction mean m1,
0 < m1 < 1 and each of their
daughter cells can mutate,
independently of the others, to type 0
with probability u, 0 < u < 1

only cells of type 0, are
supercritical, i.e. have reproduction
mean m0, 1 < m0 < ∞

Multi-type BHBP (multivariate case)
Z(t) = (Z0(t),Z1(t), . . . ,Zn(t)), t ≥ 0;

Zk (t) - number of cells of type k at
time t , k = 1, 2, . . . , n;

all cells of types 1, 2, . . . , n, are
subcritical, i.e. have reproduction
mean mk , 0 < mk < 1 and each of
their daughter cells can mutate,
independently of the others, to type 0
with probability uk0, 0 < uk0 < 1;

only cells of type 0, are supercritical,
i.e. have reproduction mean m0,
1 < m0 < ∞;
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Functional equations for the p.g.f. of two-type
BHBP

Theorem 1a. The p.g.f. F(t , s0, s1) = E(sZ0(t)
0 sZ1(t)

1 ) satisfies
the functional equation

F1(t , s0, s1) = s1(1 − G1(t))

+

∫ t

0
f1(uF0(t − v , s0) + (1 − u)F1(t − v , s0, s1)))dG1(v),

(1)

where

F0(t , s0, s1) ≡ F0(t , s0)

= s0(1 − G0)(t)) +

∫ t

0
f0(F0(t − v , s0))dG0(v),

(2)

F0(0, s0) = s0.
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Functional equations for the p.g.f. of
(n + 1)-type BHBP

Theorem 1b. The p.g.f.
F(t ; s0, s1, . . . , sn) = E[sZ0(t)

0 sZ1(t)
1 . . . sZn(t)

n ] satisfies:
Fi(t; s0, s1, . . . , sn) = si(1 − Gi(t))+∫ t

0
fi [ui0F0(t − y; s0) + ui1F1(t − y; s0, s1, . . . , sn) + uinFn(t − y; s0, s1, . . . , sn)]dGi(y),

where

F0(t; s0, s1, . . . , sn)

= s0(1 − G0)(t)) +

∫ t

0
f0(F0(t − v , s0))dG0(v),

(3)

F0(0, s0) = s0.

Fi(0; s0, s1, . . . , sn) = si ,
|si | ≤ 1, i = 0, 1, . . . , n.
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Sample tree
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P.G.F. of the number of mutations in two-type
BHBP

Z0(0) = 0,Z1(0) = 1

r.v. I(t) - number of mutations up to time t (including)

r.v. I - total number of mutations in the whole process

Theorem 2a. The p.g.f. hI(t)(s) = E{sI(t)} and hI(s) = E{sI}

satisfy the functional equations

hI(t)(s) = 1 − G1(t)

+

∫ t

0
f1[us + (1 − u)hI(t−v)(s)]dG1(v),

hI(s) = f1[us + (1 − u)hI(s)], for all s ∈ [0, 1].
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P.G.F. of the number of mutations in
(n + 1)-type BHBP

Z0(0) = 0,Z i(0) = 1

r.v. Ii(t) - number of mutations up to time t (including),

r.v. Ii - total number of mutations in the whole process,

Theorem 2b. The p.g.f. hIi(t)(s) = E{sIi(t)} and hIi (s) = E{sIi }

satisfy:

hIi(t)(s) = 1 − Gi(t)

+

∫ t

0
fi[ui0s + ui1hI1(t−v)(s) + uinhIn(t−v)(s)]dGi(v),

hIi (s) = fi[ui0s + ui1hI1(s) + · · ·+ uinhIn (s)], for all s ∈ [0, 1].

Maroussia Slavtchova-Bojkova — Sofia University, Bulgaria17/30



Introduction Branching Processes as Models of Mutations Simulation studies and an algorithm Acknowledgements

Probability of extinction at time t in two-type
BHBP

t is fixed

q0(t) = P(Z0(t) = Z1(t) = 0, t ≥ 0|Z0(0) = 1,Z1(0) = 0)

q1(t) = P(Z0(t) = Z1(t) = 0, t ≥ 0|Z0(0) = 0,Z1(0) = 1)

q0(t) =
∫ t

0 f0(q0(t − v))dG0(v)

q1(t) =
∫ t

0 f1[uq0(t − v) + (1 − u)q1(t − v)]dG1(v)
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Probability of extinction at time t in (n + 1)-type
BHBP

t is fixed

q0(t) = P(Z0(t) = Z1(t) = Z1(t) = · · · = Zn(t) = 0, t ≥
0|Z0(0) = 1)

qi(t) = P(Z0(t) = Z1(t) = · · · = Zn(t) = 0, t ≥ 0|Z i(0) = 1)

q0(t) =
∫ t

0 f0(q0(t − v))dG0(v)

qi(t) =

∫ t

0
fi[ui0q0(t−v)+ui1q1(t−v)+ · · ·+uinqn(t−v)]Gi(v)
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Probability of ultimate extinction

q0 = ĺımt→∞ P(Z0(t) = Z1(t) = 0, t ≥
0|Z0(0) = 1,Z1(0) = 0)

q1 = ĺımt→∞ P(Z0(t) = Z1(t) = 0, t ≥
0|Z0(0) = 0,Z1(0) = 1)

q0 is just the extinction probability of a
single-type supercritical BHBP

q0 : f0(s) = s

q1 = hI(q0)

q0 = ĺımt→∞ P(Z0(t) = Z1(t) =
Z1(t) = · · · = Zn(t) = 0, t ≥
0|Z0(0) = 1)

qi = ĺımt→∞ P(Z0(t) = Z1(t) = · · · =
Zn(t) = 0, t ≥ 0|Z i(0) = 1)

q0 is just the extinction probability of a
single-type supercritical BHBP

q0 : f0(s) = s

qi = hIi (q0) - partial probabilities of
extinction (Sophie Hautphenne, 2017)
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T – time to escape extinction

T = ∞ if no successful mutant is
produced

Theorem 3a. The distribution of the r.
v. T has the following properties:

P(T > t) = hI(t)(q0) = Qt , t ≥ 0,

P(T = ∞) = q1,

E(T |T < ∞) =
1

1−q1

∫ ∞
0 {hI(t)(q0) − q1}dt .

Z i(0) = 1, 1 ≤ i ≤ n

Theorem 3b. The distribution of the r.
v. T has the following properties:

P(T > t |Z i(0) = 1) = hIi (t)(q0),

P(T = ∞|Z i(0) = 1) = qi = hIi (q0),

E(T |T < ∞),Z i(0) = 1) =

1
1 − qi

∫ ∞
0

[
hIi (t)(q0) − hIi (q0)

]
dt .

How long could we wait before performing another treatment (chemotherapy,
medical, etc.)

d.f. FT = FT (G1),FT = FT (G1,G2, . . . ,Gn)

d.f. FT can vary significantly depending of both, type of cancer and therapy.
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The immediate risk to escape – hazard function

g(t)dt = P(T ∈ (t , t + dt)|T > t ,Z1(t) > 0)

g(t)dt =
P(T∈(t ,t+dt))

P(T>t)−P(T>t ,Z1(t)=0)

From Theorem 3a we obtain

P(T > t) = 1 − G1(t) +

t∫
0

f1(uq0 + (1 − u)P(T > t − y))dG1(y).

the hazard function g(t) represents the probability density for the first successful
mutants appearance, given that it has not appeared yet, but we still have cells of type
1 left in the organism.

From the particular distribution of T we can also calculate the conditional probability
that a person will not develop aggressive cancer if he has not developed it yet
P(T = ∞|T > t).

the model also allows finding the probability a person who decided not to be treated
again will not develop cancer (P(T = ∞)), which does not depend on the particular
lifespan distribution.
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Time to cross level x for two-type reducible
BHBP

Tx = ı́nf t≥0{t : Z0(t) ≥ x |Z0(0) = 0,Z1(0) = 1}

r.v. Lx - the first moment when the single-type Bellman-Harris
BP process Y(t) crosses level x,

Lx = ı́nf t : {Y(t) ≥ x}

Observe that Lx may be infinite because there is a positive
probability that the process goes extinct before level x is
attained.

But conditioned on non-extinction Lx will be finite for all x,
since then Y(t)→ ∞, as t → ∞.

interpretation: Tx is the waiting time it takes to reach a certain
level of cancer cells, so they can be medically detected.
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Time to cross level x for two-type
decomposable BHBP

r.v. Tx - represents the first moment when the number of
escape type cells crosses level x in two-type decomposable
BHBP process (Z0(t),Z1(t))

Tx |T < ∞, u → 0 ∼ T |T < ∞ Lx |Y(t)→ ∞, ind. r .v .
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Time Tx to cross high level x by two-type BHBP
- a simulation algorithm

While in discrete time we can only traverse through the integer time moments since
the possible moments of birth of cells are integers, this is not the case in continuous
time. Indeed, in the case of BHBP, the cells can have non-integer life length and as a
result, we do not have a set of possible birth moments known in advance.

A natural solution to this problem is to keep an array of the birth-death times for the
cells in the population, sorted in ascending order and to traverse only through the
moments in it. The size of the array will be finite, since Tx < ∞ with probability 1,
given the non-extinction of the population, and the total number of generated cells in
a bounded time interval is finite.

We evaluated E[Tx | Tx < ∞] by using the crude Monte Carlo approach.

The values of this expectation are plotted for two high levels of x: 1000 and 2000,
and processes with Poisson and binary splitting reproduction laws for the offspring of
type 0 cells.

We considered m0 in the interval [1, 1; 2]. The type 1 cells have exponential
distribution for the offspring with fixed parameter m1 = 0, 95. The mutation probability
u = 0, 05. We simulated 200 processes for each value of m0.

Maroussia Slavtchova-Bojkova — Sofia University, Bulgaria25/30



Introduction Branching Processes as Models of Mutations Simulation studies and an algorithm Acknowledgements

Simulation studies and an algorithm

Figura: Example of a two-type BHBP. The algorithm traverse through the
birth-death moments, denoted with ’X’, consecutively
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Average time to cross level x

Figura: Simulation results for the time Tx , elapsing until a level x of
“mutants” is crossed.
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On the distribution of Tx

Figura: Empirical cumulative distribution functions of Tx | Tx < ∞
and histograms for x = 200, 500, 1000.

Maroussia Slavtchova-Bojkova — Sofia University, Bulgaria28/30



Introduction Branching Processes as Models of Mutations Simulation studies and an algorithm Acknowledgements

Acknowledgements

This research has been supported by the Ministerio de Economı́a y Competividad of Spain
(grant MTM2015-70522-P), the Junta de Extremadura (grant GR15105), the National Fund
for Scientific Research at the Ministry of Education and Science of Bulgaria (grant
DFNI-I02/17) and the FEDER.

 

Maroussia Slavtchova-Bojkova — Sofia University, Bulgaria29/30



Introduction Branching Processes as Models of Mutations Simulation studies and an algorithm Acknowledgements

Thank you very much
for your attention!

Maroussia Slavtchova-Bojkova — Sofia University, Bulgaria30/30


	Brief Introduction to Branching Processes
	Branching Processes as Models of Mutations
	Definition of the models
	Theoretical results
	Extinction probability at time t
	Probability of ultimate extinction 
	Waiting time T to produce successful mutant
	Attaining high levels in two-type BHBP escaping extinction

	Simulation studies and an algorithm
	Estimation results of E[TxTx< ]
	On the distribution of Tx 

	Acknowledgements

