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è íåãîâîòî ðàçïðîñòðàíåíèå
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Ñîöèàëíî-èñòîðè÷åñêè êîíòåêñò â äåéíîñòòà íà ß.Ò. -

Ïúðâàòà è Âòîðàòà ÈÒ ðåâîëþöèè

Ïúðâàòà ÈÒ ðåâîëþöèÿ - Ìàòåìàòèêàòà ïðåç 60−òå è 70−òå

Ïðîìÿíà íà ëàíäøàôòà (åêîñèñòåìàòà) - Ìàòåìàòè÷åñêèòå
ãèìíàçèè
Çàùî Ìàò. Ãèìíàçèèòå ñà ëîøè - (è îïèòúò â Ìîñêâà) -
íåãàòèâíèÿò îïèò - óáèâàò èíòåðåñà êúì ìàòåìàòèêàòà.
Ñðàâíåíèåòî ñ êîñìè÷åñêè êîðàá.
Ðåàêöèÿòà íà ß.Ò. : Îáîáùåíèòå ðåäèöè íà
Ìóð-Ñìèò-Øàòóíîâñêè (ïúðâè êóðñ); Ëåáåãîâèÿ èíòåãðàë âúðõó
ëîêàëíî-êîìïàêòíè Õàóñäîðôîâè òîï. ïðîñòðàíñòâà. Òåîðåìàòà íà
Ñòîóí-Âàéåðùðàñ � â ïúëíàòà îáùíîñò
Âòîðàòà ÈÒ ðåâîëþöèÿ � 50 ãîäèíè ïî-êúñíî - ñåãàøíèÿò
ëàíäøàôò
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Ìàòåìàòèêàòà ñå ïðîäàâà â åäíà îïàêîâêà ñ Èíôîðìàöèîííèòå
òåõíîëîãèè, â åäèí ñàíäúê, íà êîéòî îòãîðå ïèøå ÈÊÒ
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Àðõèìåä è íåãîâèÿò Àíàëèç

https://en.wikipedia.org/wiki/On_the_Sphere_and_Cylinder

Åíöèêëîïåäèÿ Áðèòàíèêà:

"The argument Archimedes used to prove the formula for the volume
of a ball was rather involved in its geometry, and many modern
textbooks have a simpli�ed version using the concept of a limit,
which, of course, did not exist in Archimedes' time. Archimedes used
an inscribed half-polygon in a semicircle, then rotated both to create a
conglomerate of frustums in a sphere, of which he then determined
the volume."

"Archimedes was both a great engineer and a great inventor,
although his books concentrated on applied mathematics and
mechanics and rigorous mathematical proofs (Heath, 2002). He
established the principles of plane and solid geometry. Some of
Archimedes' accomplishments were with mathematical principles, such
as his calculation of the �rst reliable value for π to calculate the areas
and volumes of curved surfaces and circular forms"
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Àðõèìåä è íåãîâèÿò Àíàëèç

https://en.wikipedia.org/wiki/On_the_Sphere_and_Cylinder

Åíöèêëîïåäèÿ Áðèòàíèêà:

"The argument Archimedes used to prove the formula for the volume
of a ball was rather involved in its geometry, and many modern
textbooks have a simpli�ed version using the concept of a limit,
which, of course, did not exist in Archimedes' time. Archimedes used
an inscribed half-polygon in a semicircle, then rotated both to create a
conglomerate of frustums in a sphere, of which he then determined
the volume."

"Archimedes was both a great engineer and a great inventor,
although his books concentrated on applied mathematics and
mechanics and rigorous mathematical proofs (Heath, 2002). He
established the principles of plane and solid geometry. Some of
Archimedes' accomplishments were with mathematical principles, such
as his calculation of the �rst reliable value for π to calculate the areas
and volumes of curved surfaces and circular forms"
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Àðõèìåä è ôóíäàìåíòàëíèòå èçñëåäâàíèÿ

"According to Plutarch (c. 46�119 ce), Archimedes had so low an
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Çà ïåäàãîãè÷åñêèòå ïîõâàòè íà ïðîôåñîð Òàãàìëèöêè

âúâ âñÿêà ëåêöèÿ - ïîâòîðåíèå â ñáèò âèä íà ìàòåðèàëà îò
ïðåäèøíèòå

êîíòðîë ñ ëèñò÷åòà

ìîæåøå ëè Äæîí Íåø äà ïðåïîäàâà òàêà? (Beautiful Mind)

ïðåïîäàâàòåëñêàòà íàãðóçêà íà ßÒ + ëèñò÷åòà
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Çàùî å íàðå÷åí òîçè ïîäõîä "Åôîäèêà"?

Â ñú÷èíåíèåòî �Ìåòîäúò íà Ìåõàíè÷íèòå Òåîðåìè� òîé îïèñâà
åäèí ìåòîä çà îïðåäåëÿíå íà îáåìè, êîéòî ñúäúðæà ðàâíîâåñèå

öåíòðîâå íà ìàñè è èíôèíèòåçèìàëíè ñå÷åíèÿ.

Περi των µηχανiκων Θεoρηµατων πρoς Eρατoσϑενην εϕoδos
= Ìåòîäúò íà Ìåõàíè÷íèòå Òåîðåìè,

εϕoδos = If applicable

Åëåìåíòàðíîñòòà íà èçëîæåíèåòî íà Àðõèìåä å áèëî êàòî ìîäåë
çà åäíî íîâî èçëîæåíèå íà ÄÈÑ
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Èçëîæåíèå íà Åôîäèêàòà - Lim-free Calculus

Èçëîæåíèå ïî ñòàòèÿòà ïîäãîòâåíà îò Âëàäèìèð ×àêàëîâ,

�Åäèí ìåòîä çà èçãðàæäàíå íà åëåìåíòè îò äèôåðåíöèàëíîòî è
èíòåãðàëíîòî ñìÿòàíå áåç ãðàíè÷åí ïðåõîä�

â áðîøóðàòà ß. Òàãàìëèöêè, �Çà îáó÷åíèåòî ïî ìàòåìàòèêà�, ÑÓ
�Êë. Îõðèäñêè�, 2016.

Îãíÿí Êóí÷åâ (Èíñòèòóò ïî Ìàòåìàòèêà è Èíôîðìàòèêà, ÁÀÍ)ÄÈÑ áåç ãðàíèöè
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Íîðìàëíè ôóíêöèè

Äåôèíèöèÿ íà Íîðìàëíà ôóíêöèÿ: Êàçâàìå, ÷å åäíà ôóíêöèÿ
f (x) ∈ N (a, b) â èíòåðâàë [a, b] , àêî çà âñ. òî÷êà c ∈ [a, b] ,
èìàìå ñëåäíîòî ïðåäñòàâÿíå:

f (x) = a+ (x − c) b+ R (x) x ∈ (a, b)

R (x) ≤ A (x − c)2

êàòî a, b íå çàâèñÿò îò x , a A íå çàâèñè îò x , c .

ÒÅÎÐÅÌÀ. Êîíñòàíòàòà b å åäíîçíà÷íî îïðåäåëåíà îò ãîðíîòî
óñëîâèå.

Ïîëàãàìå
f ′ (c) := b.

Îãíÿí Êóí÷åâ (Èíñòèòóò ïî Ìàòåìàòèêà è Èíôîðìàòèêà, ÁÀÍ)ÄÈÑ áåç ãðàíèöè
�100 ãîäèíè îò ðîæäåíèåòî íà ïðîô. ßðîñëàâ Òàãàìëèöêè� Ñîôèÿ, 2017 9
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Îñíîâíè ðåçóëòàòè

Äåôèíèöèÿ íà Ëèïøèöîâà ôóíêöèÿ:

|f (x1)− f (x2)| ≤ K |x1 − x2|

Àêî f ∈ N òî òîãàâà f ′ å Ëèïøèöîâà;

Àêî f ∈ N òî òîãàâà f å Ëèïøèöîâà;

Íåêà f (x) = x , òîãàâà f ∈ N ;

Íåêà f , g ∈ N , òîãàâà F = fg ∈ N
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Îñíîâíè ðåçóëòàòè
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Îñíîâíè ðåçóëòàòè - 2

Íåêà f , g ∈ N , + ... îáëàñòèòå íà äåôèíèöèÿ ñà ñúãëàñóâàíè,
ñëåäâà F (x) = f (g (x)) ∈ N

Íåêà f (x) = x−1, òîãàâà f ∈ N çà x 6= 0 ;

Íåêà f (x) ∈ N, +..., òîãàâà F = f −1 ∈ N ;

Íåêà f , g ∈ N, +..., òîãàâà F = f
g ∈ N ;
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Ïðèìåð íà äîêàçàòåëñòâî

Îò f (x) = 1
x ïðè c 6= 0 ñëåäâà, ÷å f ′ (c) = − 1

c2
. Íàèñòèíà,

1

x
=

1

c
+

(
− 1

c2

)
(x − c) + R (x) =⇒

R (x) =
1

c2
(x − c) +

1

x
− 1

c
=

1

c2
(x − c) +

c − x

xc

=
1

c
(x − c)

[
1

c
− 1

x

]
=

1

c
(x − c)2

1

xc

Ñðàâíåíèå ñ îáèêíîâåíîòî äîêàçàòåëñòâî, ñ ãðàíè÷åí ïðåõîä:

f (x)− f (c)

x − c
=

1
x −

1
c

x − c
=

c−x
xc

x − c
= − 1

xc
=⇒

lim
x−→c

f (x)− f (c)

x − c
= − 1

c2
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Äîêàçàòåëñòâî íà åäèí ñëó÷àé � ïðîèçâåäåíèåòî

Äîêàçàòåëñòâîòî íå å òðóäíî:

f (x) = f (c) + f ′ (c) (x − c) + R1 (x) , |R1 (x)| ≤ A1 |x − c |2

g (x) = g (c) + g ′ (c) (x − c) + R2 (x) , |R2 (x)| ≤ A2 |x − c |2 =⇒

f (x) g (x) = f (c) g (c) +
[
f ′ (c) g (c) + f (c) g ′ (c)

]
(x − c) + R (x)

R (x) = R1 (x)
[
g (c) + g ′ (c) (x − c)

]
+ R2 (x)

[
f (c) + f ′ (c) (x − c)

]
è å î÷åâèäíî, ÷å

|R (x)| ≤ A |x − c |2

Ñðàâíåíî ñúñ ñòàíäàðòíîòî:

lim
h−→0

f (x + h) g (x + h)− f (x) g (x)

h
= lim

h−→0

f (x + h) [g (x + h)− g (x)] + f (x + h) g (x)− f (x) g (x)

h

= f (x) g ′ (x) + f ′ (x) g (x)
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Òåîðåìàòà çà ìîíîòîííîñò è ñëåäñòâèÿ

Òåîðåìàòà çà ìîíîòîííîñò - Äîêàçàòåëñòâîòî ñëåäâà.

Ñëåäñòâèå: Àêî f ∈ N è f ′ ≡ 0 òî òîãàâà f ≡ C .
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Äîêàçàòåëñòâî íà ìîíîòîííîñòòà - àêñèîìà íà Àðõèìåä

ÒÅÎÐÅÌÀ. Àêî ôóíêöèÿòà f (x) ∈ N (a, b) è óäîâëåòâîðÿâà â
èíòåðâàëà íåðàâåíñòâîòî f ′ (x) ≥ 0, òî òîãàâà f (x) å ìîíîòîííà
ôóíêöèÿ.
Äîêàçàòåëñòâî: Àêî x1 è x2 ñ â èíòåðâàëà, òî òîãàâà å â ñèëà

f (x2) = f (x1) + f ′ (x1) (x2 − x1) + R (x) , |R (x)| ≤ A |x2 − x1|2

Îòòóê ñëåäâà
f (x2) ≥ f (x1)− A (x2 − x1)

2

Ðàçäåëÿìå èíòåðâàëà íà äâå ÷àñòè; êúì èíòåðâàëèòå
(
x1,

x1+x2
2

)
è(

x1+x2
2 , x2

)
ïðèëàãàìå ãîðíîòî íåðàâåíñòâî, êîåòî äàâà

f (x2) ≥ f

(
x1 + x2

2

)
− A

4
(x2 − x1)

2

f

(
x1 + x2

2

)
≥ f (x1)−

A

4
(x2 − x1)

2
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Ìîíîòîííîñò - äîêàçàòåëñòâî, 2

Ñëåä ñóìèðàíåòî ïîëó÷àâàìå

f (x2) ≥ f (x1)−
A

2
(x2 − x1)

2

Ïðèëàãàìå n ïúòè òàçè ïðîöåäóðà, è ïîëó÷àâàìå

f (x2) ≥ f (x1)−
A

2n
(x2 − x1)

2

Àêî äîïóñíåì, ÷å. f (x2) < f (x1), òî îò ãîðíîòî ïîëó÷àâàìå

2n ≤ A (x2 − x1)
2

f (x1)− f (x2)

Â ÷àñòíîñò, ïîíåæå èìàìå n ≤ 2n, òî áè ñëåäâàëî, ÷å ÷èñëîòî
A(x2−x1)2
f (x1)−f (x2) å åäíà ãîðíà ãðàíèöà íà öåëèòå ÷èñëà. Òîâà ïðîòèâîðå÷è íà

àêñèîìàòà íà Àðõèìåä. Ñëåäâà f (x2) ≥ f (x1) .
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Ïðèìèòèâíè ôóíêöèè - òåîðåìà íà Íåìåã

ÒÅÎÐÅÌÀ. Íåêà F ∈ N (a, b) è íåêà [p, q] ⊂ (a, b) . Àêî å èçïúëíåíî

µ ≤ F ′ (x) ≤ ν x ∈ [p, q] ,

òî òîãàâà å â ñèëà è

µ ≤ F (p)− F (q)

p − q
≤ ν.

ÄÅÔÈÍÈÖÈß. Êàçâàìå, ÷å ôóíêöèÿòà F å ïðèìèòèâíà íà f â
èíòåðâàëà (a, b) êîãàòî f å îãðàíè÷åíà âúâ âñåêè êðàåí ïîäèíòåðâàë

[p, q] ⊂ (a, b) è å èçïúëíåíî ñëåäíîòî óñëîâèå: îò íåðàâåíñòâàòà

µ ≤ f (x) ≤ ν x ∈ [p, q] ,

ñëåäâàò íåðàâåíñòâàòà

µ ≤ F (p)− F (q)

p − q
≤ ν

Ñëåäâà, ÷å âñÿêà ôóíêöèÿ F å ïðèìèòèâíà íà ñâîÿòà ïðîèçâîäíà F ′.
Îãíÿí Êóí÷åâ (Èíñòèòóò ïî Ìàòåìàòèêà è Èíôîðìàòèêà, ÁÀÍ)ÄÈÑ áåç ãðàíèöè
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Ïðèìèòèâíà - 2

ÒÅÎÐÅÌÀ. Íåêà f å ëèïøèöîâà âúâ âñåêè êðàåí è çàòâîðåí
ïîäèíòåðâàë íà (a, b), à F å ïðèìèòèâíà íà f â ñúùèÿ. Òîãàâà

F ∈ N (a, b)

è å â ñèëà
F ′ (x) = f (x) x ∈ (a, b) .

Îñòàâà äà ñå äîêàæå ñúùåñòâóâàíåòî íà ïðèìèòèâíà ôóíêöèÿ. Òÿ
ìîæå äà ñå ïðèåìå êàòî àêñèîìà çà ñúùåñòâóâàíåòî íà îáîáùåíè
îáåìè íà òåëà â Rn. Òîãàâà Ïðèíöèïúò çà íåïðåêúñíàòîñò íà ðåàëíèòå
÷èñëà ìîæå äà ñå äîêàæå êàòî ñëåäñòâèå.
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Îáåìè, ëèöà

ÀÊÑÈÎÌÀ: Çà âñÿêî îãðàíè÷åíî òÿëî T â R3 ñúùåñòâóâà
îáîáùåí îáåì ν (T ), êàòî ñà èçïúëíåíè ñëåäíèòå óñëîâèÿ

a) Àêî T = [a, b]× [c , d ]× [e, f ] å ïàðàëåëåïèïåä, òî

ν ([a, b]× [c , d ]× [e, f ]) = (b− a) (d − c) (f − e)

á) Àêî T1 è T2 ñà äâå íåïðåñè÷àùè ñå òåëà, òî

ν (T1 ∪ T2) = ν (T1) + ν (T2)

Äîêàçàòåëñòâîòî å ÷ðåç Äèàãîíàëíèÿ ïðèíöèï.

ÂÀÆÍÀ ÇÀÁÅËÅÆÊÀ. Òîçè îáîáùåí îáåì ìîæå äîðè äà íå å
èíâàðèàíòåí îòíîñíî åäíàêâîñò. Ñïðàâêà: ïðîô. Ä. Ñêîðäåâ:
GEORGE BACHMAN and LAWRENCE NARICI , Functional Analysis,
ACADEMIC PRESS New York and London, 1966.
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Ñëåäñòâèÿ îò ïðèíöèïà çà íåïðåêúñíàòîñò

Ïðèíöèïúò çà íåïðåêúñíàòîñò íà ðåàëíèòå ÷èñëà å îñíîâåí â
òîâà äîêàçàòåëñòâî: Âñÿêî îãðàíè÷åíî ìíîæåñòâî îò ðåàëíè ÷èñëà
èìà òî÷íà ãîðíà è òî÷íà äîëíà ãðàíèöà.

ÒÅÎÐÅÌÀ. Àêî f å ëèïøèöîâà â [a, b] è àêî

f (a) f (b) < 0

òî f èìà ïîíå åäíà íóëà â èíòåðâàëà.

ÒÅÎÐÅÌÀ. Àêî f å ëèïøèöîâà âúâ âñåêè êðàåí ïîäèíòåðâàë íà

(a, b) , òî ìíîæåñòâîòî îò ñòîéíîñòè f ((a, b)) å ñúùî èíòåðâàë.

ÒÅÎÐÅÌÀ. Àêî f ∈ N (a, b), òî ïðè ïîäõîäÿùè îãðàíè÷åíèÿ
îòäîëó íà ïðîèçâîäíàòà é f ′ ñëåäâà, ÷å f å ñòðîãî ðàñòÿùà â
èíòåðâàëà (a, b) è îáðàòíàòà é ôóíêöèÿ f −1 ∈ N (a, b) , êàòî å â
ñèëà (

f −1 (y)
)′
=

1

f ′ (x)

êúäåòî x = f −1 (y) .

Îãíÿí Êóí÷åâ (Èíñòèòóò ïî Ìàòåìàòèêà è Èíôîðìàòèêà, ÁÀÍ)ÄÈÑ áåç ãðàíèöè
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Åëåìåíòàðíè ôóíêöèè

Âúâåæäàìå ëîãàðèòìè÷íàòà ôóíêöèÿ f (x) = ln x êàòî
ïðèìèòèâíà íà 1

x . Ïðèìèòèâíàòà ôóíêöèÿ F (x) îïðåäåëÿìå êàòî
ïëîùòà ïîä ãðàôèêàòà íà ôóíêöèÿòà f (x) . Òÿ å åäèíñòâåíà,
ïîðàäè òåîðåìàòà çà ìîíîòîííîñò.

Âúâåæäàìå åêñïîíåíöèàëíàòà ôóíêöèÿ f (x) = ex êàòî îáðàòíà íà
ln x .

Ñëåä òîâà,
ax = ex ln a

È
xb = eb ln x

Ïîäîáíî íà ëîãúðèòúìà îïðåäåëÿìå arctan , êàòî ïðèìèòèâíà íà
1

1+x2
, êàòî èçïîëçâàìå ïëîùòà F (x) ïîä ãðàôèêàòà é.

Îãíÿí Êóí÷åâ (Èíñòèòóò ïî Ìàòåìàòèêà è Èíôîðìàòèêà, ÁÀÍ)ÄÈÑ áåç ãðàíèöè
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Åëåìåíòàðíè ôóíêöèè

Âúâåæäàìå ëîãàðèòìè÷íàòà ôóíêöèÿ f (x) = ln x êàòî
ïðèìèòèâíà íà 1

x . Ïðèìèòèâíàòà ôóíêöèÿ F (x) îïðåäåëÿìå êàòî
ïëîùòà ïîä ãðàôèêàòà íà ôóíêöèÿòà f (x) . Òÿ å åäèíñòâåíà,
ïîðàäè òåîðåìàòà çà ìîíîòîííîñò.

Âúâåæäàìå åêñïîíåíöèàëíàòà ôóíêöèÿ f (x) = ex êàòî îáðàòíà íà
ln x .

Ñëåä òîâà,
ax = ex ln a

È
xb = eb ln x

Ïîäîáíî íà ëîãúðèòúìà îïðåäåëÿìå arctan , êàòî ïðèìèòèâíà íà
1

1+x2
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